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A kind of paradoxical effects has been demonstrated that the pigeonhole principle, i.e., if three
pigeons are put in two pigeonholes then at least two pigeons must stay in the same hole, fails in
certain quantum mechanical scenario. Here we shall show how to associate a proof of Kochen-
Specker theorem with a quantum pigeonhole effect and vise versa, e.g., from state-independent
proofs of Kochen-Specker theorem some kind of state-independent quantum pigeonhole effects can
be demonstrated. In particular, a state-independent version of the quantum Cheshire cat, which
can be rendered as a kind of quantum pigeonhole effect about the trouble of putting two pigeons in
two pigeonholes, arises from Peres-Mermin’s magic square proof of contextuality.
Quantum theory confronts us with a reality that is rad-
ically different from a classical one because of its contex-
tuality. Roughly speaking, quantum contextuality refers
to the property that any realistic theory trying to com-
plete quantum mechanics so as to avoid indeterministic
measurement outcomes has to be contextual, i.e., the pre-
determined outcomes of measuring an observable may de-
pend on which set of compatible observables that might
be measured along side. This is a seminal no-go theo-
rem proved by Kochen and Specker (KS) [1] and inde-
pendently by Bell [2]. Bell’s nonlocality as revealed by,
e.g., the violation of Bell’s inequality [3, 4] or arguments
without inequality [5–8], is a special form of contextual-
ity enforced by space-like separation. In different scenar-
ios there are different proofs of Kochen-Specker theorem,
which can be state-dependent [9, 10], state-independent
and deterministic [1, 11, 12], and statistical yet state-
independent [13].
Recently a kind of quantum pigeonhole effect [14, 15]
was demonstrated that the pigeonhole principle, which
states that if three pigeons are to be put into two pi-
geonholes then two of the pigeons must stay in the same
hole, does not hold in some pre- and post-selection sce-
narios. This effect is even promoted to be a principle
to explore the nature of the quantum correlations. Con-
sider a system of three qubits representing three pigeons
in two pigeonholes, i.e., two eigenstates {|0〉, |1〉} of Z,
where three Pauli matrices and identity matrix are de-
noted simply by {X,Y, Z, I}. Initially the system is pre-
pared in the state |ψi〉 = |+,+,+〉, which is the common
+1 eigenstate of commuting observables {X1, X2, X3}.
At the final stage, y component of each qubit is measured
{Y1, Y2, Y3} and only those outcomes with three +1 are
kept, i.e., the common +1 eigenstate |ψf 〉 = |0, 0, 0〉Y
is post-selected. In the intermediate stage between the
preparation and post-selection, one asks what would hap-
pen if we had tested whether each pair of two qubits is
in the same state or not. This is equivalent to measure
the observable Zab = ZaZb on each pair of qubits a and
b since the outcome +1 or −1, which corresponds to the
projectors Π±ab = (Iab±Zab)/2, indicates that two qubits
are in the same or different states, respectively, with re-
spect to the the computational basis. It was then argued
that the detectors corresponding to {Π+ab} would never
fire because of the identities
〈ψi|Π+ab|ψf 〉 = 0 (a, b = 1, 2, 3). (1)
As a result the detector corresponding to Π−ab would al-
ways fire for each pair of qubits a, b = 1, 2, 3, meaning
that each pair of qubits would have stayed in different
states, a violation to the pigeonhole principle.
The quantum pigeonhole effect described above is ob-
viously a kind of pre- and post-selection paradox and, as
pointed out by Leifer and Spekkens [16], any such kind
of paradox is associated with a proof of quantum contex-
tuality. In any noncontextual realistic model, according
to Kochen and Specker [1], there is a so called KS value
assignment of {0, 1} to all the rays, i.e., rank-1 projec-
tions, in the relevant Hilbert space satisfying the follow-
ing three rules. The noncontextuality rule states that a
ray is assigned to value 0 or 1 regardless of which com-
plete orthonormal bases it belongs to, the orthogonality
rule states that two orthogonal rays cannot be assigned to
value 1 simultaneously, and the completeness rule states
that within a complete basis orthonormal basis there is
at least one ray that is assigned to value 1. A finite set
of rays having no KS value assignment is a proof of the
KS theorem, i.e., a demonstration of quantum contextu-
ality, and the proof is state-dependent if some states are
assigned to value 1 a priori. The absence of KS value
assignments is sufficient for the nonexistence of a non-
contexual model but not necessary. There are also state-
independent proofs admitting KS value assignments [13].
In the above demonstration of quantum pigeonhole ef-
fect, by denoting |Φ±〉 ∝ |00〉 ± |11〉 and |Ψ±〉 ∝ |01〉 ±
|10〉, the set of all the relevant 34 pure states
|ψi〉, |ψf 〉, {|Φ±〉ab|µ〉c, |Ψ±〉ab|µ〉c}, {|µ, ν, τ〉}, (2)
where (a, b, c) denotes one of possible cyclic permutations
of (1, 2, 3) and µ, ν, τ = 0, 1, provides a state-dependent
proof of KS theorem if |ψi〉 and |ψf 〉 are assigned to value
1. In fact for any possible choice of (a, b, c) and µ = 0, 1,
both two rays |Φ±〉ab|µ〉c have to be assigned to value 0
ar
X
iv
:1
40
8.
24
77
v2
  [
qu
an
t-p
h]
  2
3 A
ug
 20
14
2because of Eq.(1) and the orthogonality rule. As a re-
sult, either |Ψ+〉ab|µ〉c or |Ψ−〉ab|µ〉c has to be assigned
to value 1 for any given µ = 0, 1 and a, b, according to
the completeness rule. Or equivalently, all three rank-2
projections {Π−ab} must be assigned to value 1. Due to
the pigeonhole principle, in each one of the eight com-
putational bases {|µ, ν, τ〉} at least two qubits are in the
same states and therefore is orthogonal at least to one of
the three subspaces with projections {Π−ab}. That is to
say all eight computational bases have to be assigned to
value 0, which contradicts the completeness rule.
All three rules of KS value assignment are also as-
sumed implicitly or explicitly in the demonstration of
the quantum pigeonhole effect. The orthogonality and
completeness rules, which can be enforced by Aharonov-
Bergmann-Lebowitz rule [17] for pre- and post-selection,
have been used in the arguments against certain out-
comes of the intermediate measurements. The noncon-
textuality has also been assumed implicitly in the inter-
mediate measurement of the observable Zab for each pair
of qubits, which appears in two different measurement
contexts in order to extract a contradiction. The first
measurement context is given by {Xab, Yab} which has
been used to show that the detector Π+ab would never
fire, i.e., Zab would take value −1 indication qubit a and
b are in different states. The second measurement con-
text is given by {Z1, Z2, Z3} whose eigenstates represent
all possible configurations of three pigeons in two pigeon-
holes. There is a contradiction only if the value of Zab
obtained in the first context is used in the second context.
It is clear that no paradox will be present if the assump-
tion of noncontextuality is dropped. The counterfactual
measurements might yield contextual values.
For other possible outcomes of the post-selection mea-
surement, similar quantum pigeonhole effects can still be
demonstrated [14]. Here we shall remove further the de-
pendency of the initial state so that we have a state-
independent version of the quantum pigeonhole effect.
On a system of three qubits we at first measure the com-
plete set {X1, X2, X3} with outcomes s1, s2, s3 = ±1 be-
ing arbitrary, and at the final stage we measure the com-
plete set {Y1, Y2, Y3} with outcomes t1, t2, t3 = ±1 being
arbitrary. By the first measurement the system is pre-
pared in the state |ψsi 〉 = |s1, s2, s3〉 and by the second
measurement the system is post-selected into the state
|ψtf 〉 = |t1, t2, t3〉Y . Let us now examine what would hap-
pen if we had measured Zab at the intermediate stage
between the preparation and post-selection. Denoting
vab = sasbtatb we have
vab〈ψsi |Πvabab |ψtf 〉 = 〈ψsi |XabΠvabab Yab|ψtf 〉
= −〈ψsi |XabΠvabab ZabXab|ψtf 〉
= −vab〈ψsi |Πvabab |ψtf 〉 = 0 (3)
for arbitrary a, b = 1, 2, 3. That is, the detector Π−ab (or
Π+ab) would never fire if vab = −1 (or 1) so that qubits a
only a sufficient condition f r t e nonexistence of a non
contexual model but not necessary. T ere are also state-
independent proofs that do admit KS v lue ssignments.
In what follows we shall show explicitly that the bove
quantum pigeonhole effect gives rise to a stat -dependent
proof of Koch n-Specker theorem. We consider a set of
34 rays corresponding to all h pure states
|ψi〉, |ψf 〉, {|Φ±〉ab|µ〉c, |Ψ±〉ab|µ〉c}, {|µ, ν, τ〉}, (2)
that ar relevant in the demonstration of quantum pi-
geonhole effect, where (a, b, c) denotes one of possible
cyclic permutations of (1, 2, 3) nd µ, ν, τ = 0, 1. We
claim that the above 34-ray set is a state-dependent pro f
of KS theorem, i.e., it do s not admit any KS value as-
signm nt if |ψi〉 and |ψf 〉 are assig ed to value 1, as jus-
tified by the preparation and post-selection.
For any possible choice of (a, b, c) and µ = 0, 1,
b th two rays |Φ+〉ab|µ〉c, being orthogonal to |ψf 〉, and
|Φ−〉ab|µ〉c, being orthogonal to |ψi〉, have to be assigned
to valu 0, ccording t t e rthogonality rule. As a re-
sult, either |Ψ+〉ab|µ〉c or |Ψ−〉ab|µ〉c has to be assigned
t value 1 for any given µ = 0, 1 and a, b, according to
th compl teness rule. Or equivalently, all three rank-2
projections {Π−ab} must be assigned to v lue 1. Du to
th pigeonhole principle, in ach one of the eight com-
putational bases |µ, ν, τ〉 at least two qubits ar in the
same states and therefore is orthogonal at least to one of
the three subspaces with projections {Π−ab}. That is to
say all eight computational bases have to be ssigned to
value 0, whic contradicts the completeness rule.
It should be pointed ut that three rules of KS value
assignment are also assumed implicitly or explicitly in
th demonstration of th quantum pigeonhole effect. The
orthog nality and completeness rul s have b en used in
the arguments gainst certain outc m s of the interme-
iate measurements. Also noncontextuality is assumed
implicitl in t quantum pigeonhole eff ct. The inter-
mediate measurement aims at obtain th valu of the
observabl Zab for each pair of qubits, which app ars in
two different measurement c ntexts in order to extract a
contradiction. The first measurem nt context is given by
{Xab, Yab} which has been used to show that the detector
Π+ab would never fire. Th second measurement context
is given by {Za}3a=1 which is used to represent the pi-
geonholes. It is clear that no paradox will be present if
the assumption of noncontextuality is dropped.
By considering other possible outcomes of th post-
selectio m asurement, similar quantum pigeonhole ef-
fects can still b demonstrated [13]. Here we shall re-
move further the dependency of the initial state so that
we have a state-independent version of the quantum pi-
geonhole effect. On a system of three qubits we at first
measure three commuting observables {Xa}3a=1, with
outcomes denoted by {(−1)sa}3a=1 with sa = 0, 1, and
then we measure three commuting observables {Ya}3a=1,
with outcomes denoted by {( )ta}3a=1 wi a = 0, 1.
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FIG. 1: Kite configuration.
FIG. 1: Waegell-Avarind’s triangle configuration for a parity
proof of Kochen-Specker theorem.
Equivalently, by the first measurement the system is pre-
pared in the state |ψsi 〉 = |s1, s2, s3〉x and by the second
measurement the system is post-selected into the state
|ψtf 〉 = |t1, t2, t3〉y. Let us now examine what would hap-
pen if we had made the same measurement as Eq.(1) at
the intermediate stage between the preparation and post-
selection to test whether each pair of qubits had stayed
in the same state or not. From the following identity
XabΠ
u
abYab = −XabΠuabZabXab = −uΠuab, (3)
for arbitrary u = ± and a, b = 1, 2, 3, it follows that,
when sandwiched between 〈ψsi | and |ψtf 〉,
vab〈ψsi |Πuab|ψtf 〉 = −u〈ψsi |Πuab|ψtf 〉, (4)
where we have denoted
vab = (−1)sa+sb+ta+tb . (5)
As a result we have 〈ψsi |Πvabab |ψtf 〉 = 0 for any possible
outcomes of pre- and post-selection. It then can be ar-
gued that the detector Π+ab would never fire if vab = 1 so
that qubits a and b would have stayed in different states
and the detector Π−ab would never fire if vab = −1 so that
two qubits a and b would have stayed in the same state.
From the identity v12v23v13 = 1 it follows that there is
an even number of pairs of qubits such that vab = −1,
i.e., among three qubits there is an even number of pairs
of qubits that would have stayed in the same state or an
odd number of pairs of qubits that would have stayed in
different states. This is impossible due to a generalized
pigeonhole principle: to put three pigeons into two pi-
geonholes the number of pairs of pigeons staying in the
different holes must be even.
The above state-independent version of the quantum
pigeonhole paradox also gives rise to a state-independent
proof of Kochen-Specker theorem. Consider the following
6 maximal sets of mutually commuting observables
{Xa}, {Ya}, {Za}, {Xab, Yab, Zc}, (6)
FIG. 1: (Color online.) Waegell-Aravind’s triangle configu-
ration for a proof of Kochen-Specker theorem in the case of
three qubits.
and b would have stayed in the same (or ifferent) tates,
respectively. Since v12v23v13 = 1 th re is an even num-
ber of pairs of qubits such that vab = −1, i.e., among
three qubits there is an even number of pair of qubits
at would hav y d in th same state. This is impos
ible due to the fact that to put three pigeons into two
pigeonholes the number of pairs of pige ns staying in the
different holes must be even.
The above state-independent version of the quantum
pigeonhole paradox also gives rise to a sta e-independent
proof of Kochen-Sp cker theorem due to Waegell and Ar-
avind [18]. This proof includes 48 rays defined by eigen-
states of 6 maximal sets of mutually commuting observ-
ables {Xa}, {Ya}, {Za}, {Xab, Yab, Zc}, with (a, b, c) =
(1, 2, 3). There is an elegant parity proof given by
the Waegell-Aravind’s triangle configuration as shown in
Fig.1. Quantum mechanically, the product of three ob-
servables connected by each thin (blue) straight line is 1
while the product of three observables connected by each
thick (red) line is −1. Thus the product of all those line
products of three observables equals −1. In a noncon-
textual realistic theory, where all observables have some
predetermined values ±1 independent of the contexts,
the same product yields value 1 since each observable
appears twice in the product.
Any proof of Kochen-Specker theorem via logical con-
tradiction can give rise to the demonstration of some sort
of quantum pigeon effect. This is because in each KS
proof there is at least a basis, one of which can be taken
without loss of generality to be the computational ba-
sis. The logical contradiction can be pushed back to the
impossibility of the KS value assignment to this compu-
tational basis. We note that the computational bases
represent all possible configurations of pigeons in holes
and satisfy obviously the orthogonality and complete-
ness rules, i.e., one and only one configuration is realized.
Thus the contr diction as seen in a KS proof can thus be
3X1X2 X2X3 X1X3
Z1Z2 Z2Z3 Z1Z3
Y1Y2 Y2Y3 Y1Y3
X1 X2 X1X2
Z2 Z1 Z1Z2
X1Z2 Z1X2 Y1Y2
TABLE I: Peres-Mermin’s magic square for three qubits (left)
and for two qubits (right).
regarded as a violation of some kind of generalized pi-
geonhole principle. For example the 3-box paradox [19],
which is associated with Clifton’s state-dependent proof
of KS theorem [9], roughly shows that a single pigeon,
when put into three pigeonholes, can stay simultaneously
in two holes. Now let us see some more examples.
As the first example, some kind of robust quantum
pigeonhole effect can be demonstrated by using Peres-
Mermin’s magic square for three qubits [18] as shown
in Table I (left). Let the system be prepared in any
state |ψi〉 (may even be mixed) in the common +1
eigenspace of three observables {X12, X23, X13} in the fist
row, which is spanned by {|±,±,±〉}. At the final stage
we make a post-selection to any state |ψf 〉 in the com-
mon +1 eigenspace of three observables {Y12, Y23, Y13} in
the third row, which is spanned by {|±,±,±〉Y }. At the
immediate stage we ask what would happen if we had
measured three observables {Z12, Z23, Z13} in the second
row, testing whether each pair of qubits was in the same
state or not. In this general setting Eq.(1) still hold so
that each pair of qubits would have stayed in different
states, a violation to the pigeonhole principle. The de-
pendency of the pre- and post-selection can be easily re-
moved and the generalization of Peres-Mermin’s magic
square as well as the quantum pigeonhole effect to the
case of an odd number of qubits is straightforward.
As the second example, a kind of paradoxical effect
can be demonstrated in the case of two pigeons in two
pigeonholes, which turns out to be the quantum Cheshire
cat [20], a curious situation of a grin without a cat en-
countered by Alice only in wonderland and demonstrated
recently in a neutron experiment [21]. Consider a spin
half particle, e.g., neutron, in an interferometer with two
paths, where the cat is represented by the particle and
its grin by its spin. This is effectively a two-qubit sys-
tem with the first qubit representing the spatial degree of
freedom, i.e., the path, while the second qubit represent-
ing its spin. Let the system be prepared initially in the
state |ψi〉 = |Φ+〉 and post-selected to |ψf 〉 = |+〉1|0〉2
at the final stage. Because 〈ψi|ΠZ11 |ψf 〉 = 0 the particle
would take path |0〉1 if we had observed its path, where
we have denoted by ΠOu the projection to the eigenspace
of observable O corresponding to eigenvalue (−1)u with
u = 0, 1. Because 〈ψi|ΠX21 |ψf 〉 = 0 if we had observed
its spin components along x direction the answer would
be spin up |+〉2. Because 〈ψi|ΠZ1X20 |ψf 〉 = 0 we see
that the path and the spin are anti-correlated, i.e., if
the spin is up |+〉2 then the path |1〉1 should be taken
while if the spin is down |−〉2 then the path |0〉1 should
be taken. To sum up, given the pre and post-selection,
the particle would surely travel along path |0〉 and its
spin would be up along x direction while the path and
spin would be anti-correlated, i.e., its spin would be mea-
sured along a different path |1〉 from what is taken by the
particle, i.e., |0〉, which is exactly our quantum Cheshire
cat. This demonstration of quantum Cheshire cat, be-
ing a kind of pre- and post-selection paradox, also gives
rise to a state-dependent proof of Kochen-Specker theo-
rem including the eigenstates of {Z1, Z2}, {X1, X2} and
{Z1X2, X1Z2} in addition to |ψi〉 and |ψf 〉.
By considering suitable pre- and post-selection mea-
surements the dependency of the quantum Cheshire
cat on the preparation and post-selection can be re-
moved. For the preparation we measure observables
{X12, Z12} while for the post-selection we measure ob-
servables {X1, Z2}. Thus initially the system is prepared
in the state |ψi〉 = |Φαβ〉 which is the common eigenstate
of X12 and Z12 corresponding to eigenvalues (−1)α and
(−1)β , respectively, with α, β = 0, 1, and post-selected
into the state |ψf 〉 = |(−1)µ〉1|ν〉2 with µ, ν = 0, 1.
The following three observations constitute the quantum
Cheshire cat. Firstly, if we had observed which path
were taken by the particle we would find the particle in
the path |u〉1 with (−1)u = (−1)β+ν since
(−1)β+ν〈ψi|ΠZ1u |ψf 〉 = 〈ψi|Z12ΠZ1u Z2|ψf 〉
= (−1)u〈ψi|ΠZ1u |ψf 〉
vanishes otherwise. Secondly, if we had observed the spin
along x direction we would find the spin in the state
|(−1)v〉2 with (−1)v = (−1)α+µ since
(−1)α+µ〈ψi|ΠX2v |ψf 〉 = 〈ψi|X12ΠX2v X1|ψf 〉
= (−1)v〈ψi|ΠX2v |ψf 〉
vanishes otherwise. Lastly, if we had observed the corre-
lation {Z1X2} then the detector ΠZXw would never fire if
(−1)w = (−1)α+β+µ+ν because in this case
(−1)α+β+µ+ν〈ψi|ΠZXw |ψf 〉 = −〈ψi|Y12ΠZXw X1Z2|ψf 〉
= −(−1)w〈ψi|ΠZXw |ψf 〉
vanishes. This means that the spin state |(−1)v〉2, as re-
vealed by the measurement {X2}, has to be correlated
with the path |u + 1〉1 which is different from the path
|u〉1 taken by the particle as revealed by the measure-
ment {Z1}. This state-independent version of the quan-
tum Cheshire cat turns out to be exactly the parity proof
by Peres-Mermin’s magic square [22] as shown in Table I
(right). Three commuting observables in three columns
are taken as the post-selection, intermediate, and prepa-
ration measurements respectively. If we take three sets
of row observables instead then we obtain a paradoxical
42
XXX ZZX
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FIG. 2: Mermin’s magic pentagram for three qubits.
effect that it is impossible to put two pigeons in two holes
in a pre- and post-selection scenario.
As the last example, let us see how to derive pigeonhole
effects from Greenberger-Horne-Zeilinger (GHZ) para-
doxes [5–7]. Consider Mermin’s magic pentagram proof
of KS theorem for three qubits as shown in Fig.2. Let
the system be prepared in the GHZ state |ψsi 〉, i.e., one of
the common eigenstates of three commuting observables
{Ga = XaZbZc}, with (a, b, c) being one of three cyclic
permutations of (1, 2, 3), corresponding to eigenvalues
{sa = ±1} respectively. As the post-selection we mea-
sure observables {X1, X2, X3} with outcomes denoted by
ta = ±1, i.e., the post-selection state is |ψtf 〉 = |t1, t2, t3〉.
We note that outcomes must satisfy st = −1 where
s = s1s2s3 and t = t1t2t3 since otherwise we will have
orthogonal pre- and post-selected states
−s〈ψsi |ψtf 〉 = 〈ψsi |X123|ψtf 〉 = t〈ψsi |ψtf 〉 = 0.
For each successful pre- and post-selection, if we had mea-
sured observables Zab for a, b = 1, 2, 3 then we would
register outcome vab = tcsc because otherwise
sctc〈ψsi |Πvabab |ψtf 〉 = 〈ψsi |GcΠvabab Xc|ψtf 〉
= vab〈ψsi |Πvabab |ψtf 〉
would vanish. Since vab = ±1 indicates whether two
qubits are in the same state (computational basis) or
not, from v12v23v13 = st = −1 it follows that there is
an odd number of qubit pairs in different state, which is
impossible because if we put three pigeons in two holes
the number of pairs of pigeons in different state should be
even. This is a state-independent version of an early pro-
posal of the pigeonhole effect [15] using entangled states.
GHZ paradoxes for multi (even) levels systems and multi
particles can be systematically constructed from the so
called GHZ graph [7] and corresponding graph states.
Each paradox will give rise to a similar quantum pigeon-
hole effect as above (see Appendix).
To summarize, we have established an intimate rela-
tion between the quantum pigeonhole effects and proofs
of KS theorem. On the one hand this relation enables us
to understand those paradoxical effects in terms of con-
textuality, since the assumption of noncontextuality is in-
dispensable in all these paradoxical effects. On the other
hand this relation helps to obtain from known proofs of
KS theorem some other interesting effects, such as state-
independent versions and the impossibility of putting two
pigeons in more than two pigeonholes. Most interest-
ingly, the latter effect is related to the quantum Cheshire
cat, for which we also find a state-independent version
with the help of Peres-Mermin’s magic square. From the
experimental point of view, the removal of the depen-
dency on the post-selection states enhances the success
probability by 300%. Lastly, it will be interesting to find
out what kinds of paradoxical effects correspond to those
KS proofs without logical contradictions.
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Appendix
Here we shall demonstrate how to derive quantum pi-
geonhole paradoxes from GHZ paradoxes obtained from
qudit graph states corresponding to GHZ graphs [7].
A weighted graph is defined by a set V = {1, 2, . . . , n}
of n vertices and a set of edges specified by the adjacency
matrix Γ whose entry Γab ∈ Zp = {0, 1, . . . , d−1} denotes
the weight of the edge connecting two vertices a, b. We
consider here only undirected graph without self loop so
that the adjacent matrix is symmetric and has zero diag-
onal entries. A GHZ graph [7] is defined to be a weighted
graph G = (V,Γ) satisfying
da :=
∑
b∈V
Γab ≡ 0 mod d (a ∈ V ),
and
W :=
∑
a>b
Γab 6≡ 0 mod d.
As a result d must be even and ωW = −1 with ω = ei 2pid .
GHZ graphs exist for all values of n ≥ 3 and even values
of d with some examples shown in Fig.3.
Consider a system of n qudits labeled with V . For each
qudit a ∈ V we denote by {|k〉a | k ∈ Zd} its computa-
tional basis and by
Xa =
∑
k∈Zd
|k〉〈k ⊕ 1|a, Za =
∑
k∈Zd
ωk|k〉〈k|a
its generalized bit and phase shifts for which it holds
Zda = X da = I and the commutation rule XaZa = ωZaXa.
We denote
XV :=
⊗
a∈V
Xa, ZNa :=
⊗
b∈V
ZΓabb , a ∈ V.
The graph state |G〉 for a given graph G = (V,Γ) is
defined by the +1 common eigenstate of n commuting
unitary observables {Ga = XaZNa}, i.e., Ga|G〉 = |G〉 for
all a ∈ V . For a GHZ graph it holds∏
a∈V
Ga = ωWXV
∏
a∈V
ZNa = −XV
⊗
a∈V
Zdaa = −XV
based on which we can construct a GHZ paradox as well
as a state-independent parity proof of KS theorem as
shown in Table II.
All unitary observables {Orc} labeled with rows r =
1, 2, 3 and columns c = 1, 2, . . . , n + 1 in Table II have
observables, not commuting yet having a common eigen-
state, is proposed by Lee et al. to construct a GHZ paradox
for the GHZ states of an odd number of particles [19]. Also
a GHZ-like argument (all-versus-something) is proposed
by Kaszlikowski et al. for d-partite d-level systems [20], in
which concurrent observables have been used implicitly.
Later, DiVincenzo and Peres [21] found out that not only
can GHZ states exhibit the GHZ paradox but also those
code words, which are one kind of multipartite entangled
states used in quantum error corrections [22], can exhibit
GHZ nonlocality. But so far genuine multipartite and mul-
tilevel GHZ paradoxes for an even number of particles are
still missing.
It turns out that GHZ states as well as code words from
stabilizer codes [23] are graph states [24] which are
essential resources for the one-way computing [25] and
also provide an efficient construction of quantum error-
correcting codes [26]. It is thus natural to take advantage
of the perfect correlations in graph states for the con-
structions of GHZ paradoxes. In this Letter we shall
identify those graphs, called GHZ graphs, whose corre-
sponding graph states lead to genuine multipartite multi-
level GHZ paradoxes. Furthermore, we derive a Bell
inequality for multipartite and multilevel systems as
well as a state-independent KS inequality for every
GHZ graph.
As a graph state for qubits is related to a simple graph, a
nonbinary graph state [27–29] is associated with a
weighted graph. Let Zd ¼ f0; 1; . . . ; d 1g denote the
ring with addition modulo d. A Zd-weighted graph G ¼
ðV;Þ is composed of a set V of n vertices and a set of
weighted edges specified by the adjacency matrix , a
symmetric n n matrix with zero diagonal entries and
the matrix element uv 2 Zd denoting the weight of the
edge connecting the vertices u and v. A graph is connected
if for any pair f vertices u, v there exists a finite number of
vertices fvigKi¼0 such that
Q
K1
i¼0 viviþ1  0 with u ¼ v0
and v ¼ vK.
We denote by Dv the degree of vertex v 2 V which is
the sum of the weights of all the edges connecting to v and
byW the total weight of G which is the sum of the weights
of all the edges. Explicitly, we have
Dv ¼
X
u2V
uvðv 2 VÞ; W ¼ 12
X
u;v2V
uv: (1)
A GHZ graph is a connected Zd-weighted graph satisfying
(i) the degree of each vertex is divisible by d, i.e., Dv  0
mod d, while (ii) the total weight is NOT divisible by d;
i.e., W 60 mod d. From these two conditions it follows
immediately that the GHZ graph does not exist in odd
dimensions and !W ¼ 1, where ! ¼ ei2=d. In fact,
from the first condition, there is an integer tv such that
Dv ¼ dtv for each v 2 V, and from the fact that the total
weightW ¼ dt=2with t ¼ Pv2Vtv is an integer, since  is
symmetric, it follows that if d is odd then t must be even
and thus W is divisible by d. Furthermore, in even dimen-
sions, the total weightW is not divisible by d if and only if t
is odd and thus !W ¼ ð1Þt ¼ 1. In what follows
we shall always assume d to be even. A GHZ graph is
called ‘‘primary’’ if for each vertex a 2 V there exists a
pair of vertices b, c such that ab and ac are coprime, and
‘‘weakly primary’’ if there exist three vertices a, b, c 2 V,
such that ab is coprime with ac.
In the case of d ¼ 2 a GHZ graph has an odd number
of edges and every vertex has an even number of neigh-
bors. All GHZ graphs for d ¼ 2 are primary. For ex-
ample, a loop graph with an odd number of vertices and
a complete graph with 4jþ 3 (j  0) vertices are pos-
sible GHZ graphs. There is only a single GHZ graph on 3
vertices as shown in Fig. 1(a) and it is clear that it is not
weakly primary if d > 2. In the case of n ¼ 4 all possible
GHZ graphs are shown in Fig. 1(b) with weights satisfy-
ing aþ bþ c ¼ d=2. If d ¼ 4k then d=2 1 ¼ 2k 1
are coprime and thus, by choosing, e.g., a ¼ 1, c ¼ 1, we
obtain a primary GHZ graph. If d ¼ 4kþ 2 then there
always exists a vertex with all edges having even weights,
since d=2 is odd, so that only a weakly primary GHZ
graph exists in this case. Examples of primary GHZ
graphs for arbitrary n  5 and even dimensions are
shown in Figs. 1(c)–1(e). The primary GHZ graph on 5
vertices as shown in Fig. 1(c) can be generalized to any
odd number of vertices.
Consider a system of n particles each of which has d
energy levels, a qudit for short, and label them with V. Let
fjsivjs 2 Zdg be the computational basis for qudit v 2 V
and fjsijs 2 ZVd g is a basis for n qudits where ZVd is the
set of all n-dimensional vectors s ¼ ðs1; s2; . . . ; snÞ with
FIG. 1 (color online). Examples of GHZ graphs. Unlabeled
thin black or red edges have weight 1 or d 1, respectively. All
possible GHZ graphs on 3 and 4 vertices are shown in (a) and
(b), where a0 ¼ d2 þ a, b0 ¼ d2 þ b, and c0 ¼ d2 þ c with aþ bþ
c ¼ d=2. A GHZ graph on 5 vertices is shown in (c) where the
thick red edges have weight d=2 1. In (d) and (e) two primary
GHZ graphs on 2kþ 4 and 2kþ 5 vertices ðk  1Þ are shown.
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FIG. 3: (Color online [7].) Some examples of GHZ graphs.
Unlabeled thin black or red edges have weight 1 or d − 1,
respectively. Thick black and red edges have weight d/2 + 1
and d/2− 1, respectively. All possible GHZ graphs on 3 and
4 vertices are shown in (a) and (b), where a′ = d/2 + a,
b′ = d/2 + b, and c′ = d/2 + c with a+ b+ c = d/2.
X1 X2 . . . . . . Xn−1 Xn X †V
ZN1 ZN2 . . . . . . ZNn−1 ZNn I
G†1 G†2 . . . . . . G†n−1 G†n XV
TABLE II: Mermin’s magic configuration for qudits.
spectrum Ud = {ωk | k ∈ Zd} and observables in the
same column or row commute with each other. Quantum
mechanically, it is clear that we have an identity
3∏
r=1
n+1∏
c=1
Orc
n+1∏
c=1
3∏
r=1
O†rc = −1.
In noncontextual models 3(n + 1) observables {Orc} as-
sume predetermined noncontextual values vrc ∈ Ud and
the above product with observables replaced by their re-
alistic values, since |vrc| = 1, is equal to 1 6= −1, a con-
tradiction.
A quantum pigeonhole paradox about the trouble of
putting n pigeons into d holes can be demonstrated as
follows. Let the system of n qudits be prepared in the
common eigenstate |ψgi 〉 of {Ga} corresponding to eigen-
values {ga ∈ Ud} and be post-selected into the common
eigenstate |ψhf 〉 of {Xa} with outcomes {ha ∈ Ud}. Out-
comes {ha} and {ga} are not possible unless∏
a
ha = −
∏
a
ga
because otherwise the pre- and post-selected states will
be orthogonal. Given successful pre- and post-selection,
if we had measured the observable ZNa in the interme-
diate stage we would obtain outcome Sa = gah
∗
a for each
6a ∈ V because otherwise
Sa〈ψgi |ΠZNaSa |ψhf 〉 = 〈ψ
g
i |ZNaΠZNaSa |ψhf 〉
= 〈ψgi |GaΠZNaSa X †a |ψhf 〉
= gah
∗
a〈ψgi |ΠZNaSa |ψhf 〉
will vanish, where we have denoted by ΠOO the projection
to the eigenspace of O corresponding to eigenvalue O.
However if these values {Sa} are measured in the con-
text {Za}, whose outcomes are denoted by {sa ∈ Ud},
or a possible configuration of n pigeons in d pigeonholes,
then we should have
∏
a Sa =
∏
a s
da
a = 1, a contradic-
tion. In other words, the possible answers to n questions
about how n pigeons are distributed in d pigeonholes,
namely, ZNa with a ∈ V , provided by measurement con-
text {ZNa ,XV } are incompatible with every configura-
tion of directly putting n pigeons into d levels, namely,
the measurement context {Za}.
To demonstrate a paradox, the pre-selected state is not
necessarily an entangled state and can also be chosen to
be a product state. For preparation we measure observ-
ables {Za} with outcomes denoted by sa, respectively,
and for post-selection we still measure observables {Xa}
with outcomes ha. Thus the pre-selected state |ψsi 〉 is the
common eigenstate of {Za} corresponding to eigenvalue
{sa} while the post-selected state |ψhf 〉 is the common
eigenstate of {Xa} corresponding to eigenvalue {ha}. All
outcomes are possible. In the intermediate stage, if we
had measured observable Ga then we would obtain out-
come ga = haSa where Sa =
∏
b s
Γab
b since otherwise
haSa〈ψsi |ΠGaga |ψhf 〉 = 〈ψsi |ZNaΠGagaXa|ψhf 〉
= ga〈ψsi |ΠGaga |ψhf 〉
would vanish. The dilemma lies in the fact that on
the one hand the outcome for measuring observable XV
should be −∏a ga = −∏a ha, since ∏a Sa = 1, from
the above arguments and on the other hand |ψhf 〉 is an
eigenstate of XV corresponding to eigenvalue
∏
a ha.
